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Abstract The objective of this research is geometrical optimization of half toroidal Continuously Variable
Transmission (CVT) in order to achieve high power transmission efficiency. The dynamic analysis of CVT
is implemented and contact between the disk and the roller is modeled viaelastohydrodynamic (EHL)
lubrication principles. Computer model is created using geometrical, thermal and kinetic parameters to
determine the efficiency of CVT. Results are compared by other models to confirm the model validity.
Geometrical parameters are obtained by means of Particle Swarm Optimization (PSO) algorithm, while
the optimization objective is tomaximize the power transmission efficiency. Optimizationwas conducted
over a wide range of selected input parameters that are EHL oil temperature, roller tilting angle and
rotational velocity of input disk. Optimization results show that the power transmission efficiency alters
with changes of input parameters, while the optimized geometrical parameters are approximately the
same. Variations of power transmission efficiency over a wide range of input parameters were calculated
for optimized geometry, while the highest value of power transmission efficiency occurs in low value of
EHL oil temperatures and input disk rotational velocities. The optimized structure shows average power
transmission efficiency equal to 93.4% over a wide range of input parameters.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
One of the ways to increase efficiency of internal com-
bustion engines in order to reduce the fuel consumption and
consequently air pollution is to use Continuously Variable
Transmission (CVT). This system enables the engine to always
work under its optimized conditions, therefore fuel consump-
tion is reduced and consequently efficiency is increased [1].
Moreover, it makes driving easier, passengers more comfort-
able, and increases the fatigue life of engine [2]. Measurements
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Open access under CC BY-NC-ND license.show fuel consumption reduction of up to 10% for CVTs [3]. To
avoid surface contact, elastohydrodynamic oil film with high
contact pressure endurance is used [4].
Figure 1 shows a schematic half-toroidal CVT. As the rollers
rotate around AB and CD axes, transmission ratio changes
continuously [5]. There are two types of toroidal CVT: half-
toroidal and full-toroidal.
Many researchers tried to introduce a model to calculate
traction coefficient between disks and roller. Jacod et al. [6] de-
fined a numerical model for prediction of traction coefficient
in isothermal elliptical contact area for a wide range of oper-
ating conditions. Newall and Lee [7] presented a model to de-
rive the EHL oil viscosity as a function of temperature, pressure
and oil properties. Theirmodelwas able to calculate traction co-
efficient, spin and slip losses. Sanda and Hayakawa [8] created
a simplified model by assuming three separate regimes in the
contact ellipse. In each regime one of the elastic, plastic or vis-
cous effect is dominant. So they could calculate limiting shear
stress on oil film without direct numerical solution based on
visco–elasto–plastic model, and predict maximum traction co-
efficient within 10% accuracy.
There have been some studies on dynamic analysis of
toroidal CVTs and calculation of their efficiency. Imanishi and
M. Delkhosh et al. / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 1126–1132 1127Figure 1: Half-toroidal CVT with 2 rollers.
Machida [9] calculated the efficiency of half-toroidal and full-
toroidal CVTs utilizing experimental model. Carbone et al. [10]
presented a comparison between efficiency of half-toroidal
and full-toroidal CVTs by performing a dynamic analysis and
creating a theoretical model for elastohydrodynamic contact
between disks and roller. Akbarzadeh and Zohoor [11] found an
optimized geometry with constant EHL oil temperature, input
disk rotational velocity, and tilting angle of roller using Genetic
Algorithm method. However, no research was conducted on
discovering the best geometry for different values of these
parameters yet.
To solve this new optimization problem, a simplified model
was selected. Oil film thickness and temperature was assumed
to be constant, and energy loss in bearings of the rollers was
neglected.
2. Method
Efficiency of half-toroidal CVT depends on geometry of the
components and properties of EHL oil [10,12], so an analysis
on geometry and dynamics of half-toroidal CVT must be
performed.
2.1. Dynamic analysis of half-toroidal CVT
Figure 2 shows the schematic of half-toroidal CVT where r22
is the curvature radius of roller in contact point with the disk.
r0, θ and γ are radius of curvature of disk, angle of a half-cone
with center atO, and angle of rotation of the roller, respectively,
and r1 and r3 are the distance between disk axis and contact
points.
As the input disk rotates, it forces the roller to rotate around
axis OA, and similarly the rotation is transmitted to the out-
put disk. By rotation of roller around the axis perpendicular
to sketch plane and passing through O, γ changes and conse-
quently speed ratio is altered. As γ could change continuously,
a continuous transmission ratio is achieved. Dimensionless co-
efficient k is defined as the ratio of er0 . Transmission of momen-
tum between disk and roller requires shear stress in the oil film.
Shear stress in the oil film is proportional to linear velocity dif-
ference between disk and roller at contact point, so there must
be some slippage. Dimensionless coefficients of slippage could
be found in Eqs. (1) and (2), where ω1 and ω3 are rotational ve-
locities of input and output disk, respectively, and ω2 is rota-
tional velocity of the roller as follows:Figure 2: Schematic of a half-toroidal CVT including one roller and two disks.
Spin = r1ω1 − r2ω2r1ω1 , (1)
Spout = r2ω2 − r3ω3r2ω2 , (2)
where r1 and r3 are functions of γ as shown in Eqs. (3) and (4):
r1 = r0(1+ k− cos(θ + γ )), (3)
r3 = r0(1+ k− cos(θ − γ )). (4)
When there is no slippage between disk and roller, velocity ra-
tio is SrID = r1r3 , and actual velocity ratio could be obtained by:
Sr = ω3
ω1
= (1− Spin)(1− Spout) r1r3
= (1− Sp)1+ k− cos(θ + γ )
1+ k− cos(θ − γ ) , (5)
while speed efficiency could be obtained by [10]:
ηspeed = SrSrID = 1− Sp. (6)
Figure 3 shows the free body diagram of a half-toroidal CVT.
Kinetic analysis of this system is expressed by [10]:
FTin = µinFN , (7)
FTout = µoutFN , (8)
where FN is the normal force at contact point, FTin and FTout are
traction forces that exert input torque to roller and output disk,
respectively. Spin moment between disks and roller MSin and
MSout are expressed by:
MSin = χinFN r1, (9)
MSout = χoutFN r3. (10)
Input traction coefficient tin and output traction coefficient tout
are expressed by:
tin = TinmnFN r1 , (11)
tout = ToutmnFN r3 , (12)
tin = µin + χin sin(θ + γ ), (13)
tout = µout − χout sin(θ − γ ), (14)
where Tin, Tout, n andm are input torque, output torque, number
of rollers and number of disks, respectively, and χin and χout are
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Figure 4: Free body diagram of elliptical contact surface.
both spin momentum coefficients andµin andµout are traction
coefficients (effective friction coefficients between FT and FN ).
Finally power transmission efficiency of CVT can be calcu-
lated by:
η = Pout
Pin
= r1Tout
r3Tin
r3ω3
r1ω1
= tout
tin
(1− Sp). (15)
2.2. Stress analysis in contact point of disk and roller
Obviously, strength of contact surfaces is limited, so by
studying the stress in contact point of disk and roller, a con-
straint between equivalent Von misses stress and dynamic pa-
rameters was developed. Contact surface of disk and roller is an
elliptic [10,12].
Figure 4 shows the free body diagram of elliptical contact
surface. The values of ax and ay can be obtained using geometry
of bodies, normal force at contact point, elastic modulus, E and
Poisson’s ratio, υ of disks and roller [10].
Critical points which bearing the maximum stresses are A,
B and C . The value of stresses at point A, can be obtained as
follows [12]:
σz = −32
FN
πaxay
. (16)
Shear stress on the elliptical area:
τzx = 43π
FT
axay
= 4µ
3π
FN
axay
. (17)Table 1: The input values used in the computer model.
r0 0.04 m r22 0.032 m
k 0.625 m, n 4
θ π3 SrID 1
v 0.292 E 210 GPa
FN 14 kN Temp. 99 °C
ω1 2000 rpm Tin 200 Nm
ξS 107 Pa.s TS0 −46.9 °C
A1 92.29 °C A2 2.6 GPa−1
B1 0.2965 B2 1.6275
GPa−1
C1 10.51 C2 20.7 °C
Von misses equivalent stress:
σeq =

σ 2z + 3τ 2zx =
FN
πaxay

9
4
+ 16
3
µ2. (18)
Some similar equations can be derived for B and C .
Maximum stress occurs in A [12]. The equivalent stress
presented in Eq. (18) is used to define the constraints of
optimization process.
2.3. Contact modeling
In order to calculate spinmomentumcoefficient and traction
coefficient, a modified model based on [10] was developed. In
the base model, pressure distribution over contact surface has
followed theHertz rule for dry friction and oil viscosity has been
considered in constant temperature.
Here effect of pressure and temperature on the viscosity and
limiting shear stress of oil were considered according to [7,13]
as follows:
TS = TS0 + A1 ln(1+ A2p), (19)
f = 1− B1 ln(1+ B2p), (20)
ξ = ξS exp
[−2.3C1(T − TS)f
C2 + (T − TS)f
]
, (21)
where ξS is the oil viscosity in reference temperature, TS0. T and
p are temperature and pressure of oil, respectively. Also A1, A2,
B1, B2, C1 and C2 are some coefficients depending on selected
oil type. For the Santotrac 50 these constants are presented in
Table 1 [7].
Limiting shear stress in oil film can be calculated as a
function of oil temperature and pressure and linear velocity of
disk at contact point (U), using Eqs. (22)–(24):
τ0 = 2.7× 107 + 3.5× 105(T − 113), (22)
a = 0.0765− 4× 10−4(T − 113)− 1× 10−3U, (23)
τL = τ0 + ap. (24)
These equations was adopted for 60 °C < T < 120 °C.
Using achieved spin momentum and traction coefficients, and
Eqs. (13)–(15), efficiency of half-toroidal CVT can be calculated.
There are some simplifications in presented model yet.
Contact between disks and roller is assumed to be in the steady
state mode and constant speed ratio. Oil film temperature and
thickness are assumed constant over the contact surface, energy
loss in bearings is negligible and slip coefficient is considered
constant too.
2.4. Model verification
CalculatingCVTefficiency, aMATLAB (version7.6.0 (R2008a))
code was generated. Table 1 shows the input values used in the
computer model.
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Figure 6: Comparison of traction coefficient calculated by model with
experimental data in [14].
The code results were compared with the result of some
previous works. Figure 5 shows comparison of output traction
coefficient calculated by our model and Ref. [10].
Figure 6 compares the calculated traction coefficient versus
slip per roll ratio with experimental data in [14]. Slide per roll
ratio is calculated as [6]:
slide/roll = 2Spin
2− Spin . (25)
Attia et al. [15] calculated the changes of maximum Hertzian
stress versus transmission ratio. By changing the computer
model inputs to match the inputs of Shi’s model, the results are
compared in Figure 7.
2.5. Geometric optimization using PSO algorithm
Particle Swarm Optimization was first introduced by Eber-
hart and Kennedy in 1995 [16]. PSO is an adaptive algorithm
based on a social–psychological metaphor; a population of in-
dividuals (referred to as particles) adapts by returning stochas-
tically toward previously successful regions.
Particle swarm has two primary operators: velocity update
and position update. At each iteration, a new velocity valueFigure 7: Comparison of calculated maximum Hertzian stress versus
transmission ratio for different input torques with Ref. [15].
Table 2: Input parameters of model used for optimization process.
r0 (mm) [20–80]
r22
r0
[0.3–0.9]
k = er0 [0.5–0.9]
θ (deg) [50–80]
m, n 2
γ (deg) 15
Spin , Spout 0.05
Temp. (°C) 100
Table 3: Optimization process constraints.
Pmax (GPa) ≤ 1.4
σeq(max) (GPa) ≤ 1.4
µin , µout ≤ 0.095
for each particle is calculated based on its current velocity, the
distance from its previous best position, and the distance from
the global best position. The new velocity value is then used to
calculate the next position of the particle in the search space.
This process is then iterated for a set number of times or until
a minimum error is achieved. Eqs. (26) and (27) are used to
update the velocity and position of each particle:
Vi,t+1 = k[ωVi,t + c1r1,t(Pi,t − Xi,t)
+ c2r2,t(Pg,t − Xi,t)], (26)
Xi,t+1 = Xi,t + Vi,t+1, (27)
where Vi,t is particle velocity, Pi,t is personal best experience,
Pg,t is global best experience, Xi,t and Xi,t+1 are particle
positions, ω is momentum factor, k is constriction coefficient,
r1,t and r2,t are random numbers in [0, 1], and c1, c2 are
constant [16].
In this paper, a PSO algorithmwith 20 particles and different
allowable values for ω, c1, c2 and kwas considered.
The model generated in MATLAB with input values pre-
sented in Tables 1 and 2 was used for optimization process.
Table 3 shows the output parameters constraint. These con-
straints are initiated from limitations of moment transfer abil-
ity of EHL oil film and strength of contact surfaces. Maximum
traction coefficient of 0.095 can be achieved by using Santotrac
50 [14].
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Table 4: Results of PSO algorithm after 100 runs.
r0
(mm)
q =
r22
r0
k θ
(deg)
Objective function Efficiency
66.7 0.9 0.57 80.00 1.0706 93.4%
Inverse power transmission efficiency of CVT, η−1, is defined
as the objective function, while Eq. (15) calculates the efficiency
of CVT.
The goal is to minimize the objective function. However,
when a particle violates the defined constraints in our PSO
algorithm, an infinite value will be assigned to the objective
function. This method will eliminate the violated particle.
Figure 8 shows the variation of objective function for best
result after 100 runs of PSO algorithm.
Results of PSO algorithm for the mentioned objective func-
tion are presented in Table 4. We name the optimized values
of the parameters presented in the Table 4, θn, kn, qn and r0n,
respectively.
2.6. Effect of input parameters variations on optimized geometry
Power transmission system could operate under different
values of EHL oil temperature, disks’ rotational velocity and
transmission ratio. In this section, the effect of each of the
input parameters variations is studied. In each step, two of
the parameters are kept constant at their average value to
investigate the third one’s effect on the optimized geometry.
Results of PSO algorithm are calculated when the variable
changes over its limitation values.
As can be seen in Figure 9, optimized geometry is approxi-
mately equal to the values presented in Table 4.
Next step is to evaluate the effect of input disk rotational ve-
locity on optimized geometry. Optimization process explained
in previous chapter is used for different values of rotational ve-
locity of input disk. Results are shown in Figure 10.
Figure 10 shows the difference between results, and the
optimized values of Table 4 are negligible. Figure 11 shows
normalized geometrical parameters of CVT calculated by PSO
versus EHL oil temperature. It shows no significant difference
between calculated optimized geometry and the values pre-
sented in Table 4.Figure 9: Normalized geometrical parameters of CVT calculated by PSO versus
roller tilting angle, γ .
Figure 10: Normalized geometrical parameters of CVT calculated by PSOversus
rotational velocity of input disk, ω1 .
Figure 11: Normalized geometrical parameters of CVT calculated by PSOversus
EHL oil temperature.
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transmission ratio.
γn (deg) 15
(Temp.)n(°C) 100
ωn (rpm) 2000
Figure 12: CVT efficiency versus normalized EHL oil temperature, disk
rotational velocity and roller tilting angle for optimized geometry.
2.7. Variations of power transmission efficiency for optimized
geometry
In this section, the effects of variations of EHL oil temper-
ature, disks’ rotational velocity and transmission ratio on ef-
ficiency of optimized CVT are presented, while the average of
each parameter is called the input normal value (see Table 5).
Figure 12 shows the variation of CVT efficiency versus each
of normalized EHL oil temperature, disk rotational velocity and
roller tilting angle.
3. Conclusion
Although many researchers studied the effects of different
parameters on efficiency of half-toroidal CVT, no research
has been conducted on how to increase the efficiency by
changing the geometrical parameters for all the values of EHLoil
temperature, disks’ rotational velocity and transmission ratio.
In the presented work, a computer model was created to de-
termine the efficiency of CVT. The CVT model validity was con-
firmed by comparing the model outputs and data in [10,14,15].
PSO results show that when the input disk rotational
velocity, EHL oil temperature and roller tilting angle are at their
average values, geometrical parameters can be selected in away
that efficiency becomes 93.4% (see Table 4).
In practical application, the optimized geometry must en-
sure maximum power transmission efficiency of CVT for all the
permissible values of input disk velocity, EHL oil temperature
and speed ratio. Therefore, we had to study the effects of the
above parameters on optimized geometry. Figures 9–11 claim
that changes of roller’s tilting angle, input disk rotational speed
and EHL oil temperature do not affect the optimized geome-
try. Some significant differences between optimized geometri-
cal parameters and the nominal one can be seen when γ < 5
and ω1 < 2000 rpm. It is because of exceeding constraints in-
troduced in Table 3. Ignoring these constraints, optimum geo-
metrical parameters will keep nominal values.Although significant deviations from the nominal parame-
ters can be observed in Figures 9–11, efficiency value for these
parameters has small deviation from its nominal value. In these
figures, these variations are less than 0.65%, 2% and0.8%, respec-
tively.
Figure 12 shows the highest values of power transmission
efficiency occur in low EHL oil temperatures and input disk
rotational velocities. Also increasing the roller’s tilting angle
raises power transmission efficiency.
These results can be implemented by using a cooler system
to decrease the EHL oil temperature, while the efficiency could
be improved by using a low speed motor too.
Optimization algorithm has been run many times for differ-
ent values of PSO parameters (ω, c1, c2, k), and it is found that
optimized geometry is not dependent to PSO parameters.
This study has some drawbacks such as:
(a) Optimized geometry was not simultaneously calculated
for all permissible range of EHL oil temperature, disks’
rotational velocity and transmission ratio.
(b) High weight is one of the characteristics of CVTs [17],
while in this research weight reduction was not included
in optimization objectives.
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